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Abstract•
This paper presents theoretical results of vibration
reduction through IBC (Individual Blade Control) for
a 20to helicopter rotor model which are based on
numerical computations. The investigations were
performed in order to analyse the efficiency of single
and mixed mode IBC inputs on the helicopter vibra-
tions of a model for a six bladed fully articulated
rotor. Moreover, within this framework a method for
the numerical investigations is proposed and vali-
dated. One important benefit of this method for the
vibration reduction investigations is, that the com-
putational effort can be decreased significantly. This
reduction becomes possible, because a consider-
able portion of time consuming non linear computer
simulations usually used for this purpose is replaced
by numerical computations based on offline identi-
fied T-matrix models. It is shown, that the proposed
method is well suited for vibration reduction investi-
gations. Besides this, the potential of single and
mixed mode IBC for reducing vibrations of the six
bladed 20to rotor model will be presented in detail.
Notation
An Amplitude of single mode n/rev IBC input,
deg
c Blade chord, m
CT Thrust coefficient,
CT = 2T/( (R)2 R2)
Jvib Vibration cost function
Jvib Change of cost function due to IBC input,
Jvib=Jvib,base-Jvib
Fx Vector of N/rev cosine and sine parts of
non-rotating hub force in x-direction (pro-
pulsive force), N
Fy Vector of N/rev cosine and sine parts of
non-rotating hub force in y-direction (side
force), N
Mx Vector of N/rev cosine and sine parts of
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non-rotating hub roll moment, Nm
My Vector of N/rev cosine and sine parts of
non-rotating hub pitch moment, Nm
n Order of rotor harmonic component
N Number of blades; number of measure-
ment points
R Rotor radius, m
RA Beginning of aerodynamic profile, m
RE Hinge offset, m
T Vector of N/rev cosine and sine parts of
non-rotating hub force in z-direction
(thrust), N
n1T SIMO T-matrix, which maps n/rev IBC
input to vibrations zn, N/deg, Nm/deg
T1 MIMO T-matrix of linear T-matrix model,
N/deg, Nm/deg
T2n SIMO T-matrix of non-linear T-matrix
model, which maps n/rev IBC input to vi-
brations zn, N/deg2, Nm/deg2
V Forward speed, m/s
xcg Horizontal location of centre of gravity
(c.g.), xcg=0 for nominal location, m
z Vector of all N/rev vibration harmonics,
decomposed in cosine and sine parts,
N,Nm
zn Vector of all N/rev vibration harmonics,
resulting from a n/rev IBC input, N,Nm
z Vector, representing N/rev cosine and sin
portion of one force or moment (used in
figures), N, Nm
|z| |z| = |zbase| - |z|
zcg Vertical distance from the rotor hub centre
to the centre of gravity; zcg = 2.37, m
n IBC phase angle of single mode n/rev IBC
input, deg
 blade pitch control angle, deg
n Vector of cosine and sine parts of n/rev
single mode IBC input, deg
tw blade twist, deg
IBC Vector of cosine and sine parts of single or
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mixed mode IBC input, deg
IBC,opt Vector of optimal cosine and sine parts of
single or mixed mode IBC input, deg
0 Zero flapping (conus) angle, deg
 Rotor rotational frequency, rad/s
 Air density, kg/m3
 Advance ratio, =V/(R)

)( Estimation
 T Transpose of x
  1 Inverse
 c Cosine part
 s Sine part
 
 0
base Baseline value (without IBC)
  Change of value due to IBC
      base
1 Introduction and Motivation
The high potential of HHC (Higher Harmonic Con-
trol) and IBC to reduce helicopter vibration and noise
emission has been demonstrated several times by
wind tunnel tests, flight tests and theoretical investi-
gations (cf. [2], [11], [14], [15], [16], [17], [18], [19],
[20] and references within). Most of the wind tunnel
and flight tests as most of the numerical investiga-
tions, too, were conducted with rotors for light weight
helicopters. Hence, the experience concerning the
potential of HHC/IBC to reduce helicopter vibrations
for medium weight helicopters is relatively poor
compared to the experience with light weight heli-
copters. To narrow this gap and ZFL’s flight test
campaign currently carried out with the medium
transport helicopter CH-53G [17] motivated the in-
vestigations presented in this paper.
Within a co-operation of ZF Luftfahrttechnik GmbH
(ZFL) and the German Aerospace Centre (DLR) it
was therefore decided to undertake numerical in-
vestigations concerning the vibration reduction
through IBC for a 20to helicopter rotor model.
2 Description of the Test Environment
In this section the test environment consisting of the
implemented rotor model, the investigated flight
conditions and the used simulation code is being
described briefly.
2.1 Description of implemented rotor model
The knowledge of the forced blade deformation is
relevant to simulate realistically the forces and mo-
ments of a helicopter rotor generated by a higher
harmonic blade pitch variation. Transferred into the
fixed frame these forces and moments represent the
excitation of the fuselage motion. The resulting vi-
bration level finally also depends on the modal
shapes and frequencies of the helicopter fuselage.
To setup the rotor model the mode shapes of the
main rotor blades and the corresponding frequen-
cies were calculated using the Finite Element
Method with an approach following Houbolt/Brooks,
Ref. [1]. Thereafter, the mode shapes are repre-
sented by a polynomial of seventh order. The cal-
culations in this paper were made with elastic
blades, taking three flapping, two lead-lag and the
first torsion mode into account.
The modelling of the rotor used for the investigation
described in this paper is based on the main rotor
data of the Sikorsky CH-53G helicopter. The six
bladed rotor is fully articulated. The main character-
istics of the rotor model are listed in Table 1.
Table 1: Basic data of the rotor model.
CT 0.009
N 6
R 11m
C 0.72m (5% tapered tip)
RE 0.61m
 19.37rad/s
tw 11°/R
r(tw=0°)/R 0.625
0 0.0deg
RA 2.84m (r/R=0.26)
2.2 Description of investigated flight condi-
tions
Trim calculations from hover up to an advance ratio
of  = 0.35 in level flight were carried out to set up a
data base for a wide range of flight conditions. For
all advance ratios the single parameters of an IBC
input e.g. frequency, amplitude, and phase were
varied in order to analyse the influence of these
parameters on the higher harmonic rotor forces and
moments, see Table 2. Mixed-mode IBC inputs in
addition to the single mode 2-, 4-, 5-, 6- and 7/rev
IBC harmonics were solely applied at two advance
ratios  = 0.15 and  = 0.35. As motivated later in
section 4.1, the detailed analysis and the validation
of the proposed method of investigation concen-
trated on these two advance ratios. Furthermore, for
all advance ratios reference data (baseline values
without IBC) were generated. In addition the influ-
ence of centre of gravity variations on the baseline
values were investigated.
The reference data were obtained by trimming the
chosen rotor condition with respect to the corre-
sponding rotor roll- and pitch moment, thrust and
rotor shaft angle with the collective and cyclic con-
trols. Since this was done with an assumed down-
wash geometry, the effect of the blade dynamics
and aerodynamic loading distribution on the rotor
wake geometry and vice versa was taken into ac-
count by iterative calculations until convergence was
achieved.
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Table 2: Matrix of investigated rotor conditions, level flight.
advance ratio  hover 0.05 0.1 0.15 0.2 0.225 0.25 0.275 0.3 0.35
c.g.-variation X X X
IBC freq. variation X X X X X X X
IBC phase variation X X X X X X X X X X
IBC amplitude variation X X X X X X X X
IBC mixed mode X X
The corresponding trim values of the rotor moments
and forces were obtained by CAMRAD/JA [21] cal-
culations. The calculation results for the vibration
levels with IBC were obtained in the same way, now
taking into account the influence of the higher har-
monic blade pitch on the rotor wake and the blade
dynamics.
2.3 Description of simulation code S4
The calculations were performed using DLR’s rotor
simulation code S4. The ability of S4 to calculate the
effects of HHC or IBC for a given rotor condition and
to compute high resolution airloads was used in
several investigations of vibration reduction by
HHC/IBC [2], for acoustic analysis [3], post-
processing [4] as well as for dynamic stall investiga-
tion [5] and parametric rotor optimisation [6]. S4 has
a modular structure with routines for aerodynamics,
blade dynamics, different rotor wake models, rotor
trim and the controls (conventional and HHC/IBC as
well). The aerodynamic routine contains a non-linear
semi-empirical mathematical model of the aerody-
namic coefficients, which considers unsteady effects
as well as compressibility, dynamic stall and radial
flow [7], [8]. The rotor downwash was calculated with
a prescribed wake geometry model following Bed-
does [9], modified by van der Wall [10]. It considers
double vortex systems and the influence of higher
harmonic control on the rotor wake.
3 The Method of Numerical
Investigations
Within this contribution the numerical investigation of
vibration reduction through IBC is proposed, used
and validated. Both, the method and the corre-
sponding computational steps are now described in
detail.
The sequence of the separate computational steps
are shown in Fig. 1. In step 0, the initialisation step,
a wide data base (cf. Table 2, row one to four) is
generated using the S4 code. Using the data set
generated in step 0, in step 1 we perform the pa-
rameter identification process. To keep the following
computational effort at a minimum a simple model is
used firstly. In our case this means that a linear T-
matrix model structure for the following identification
process has to be chosen.
Step 1:
Identification of
T-matrix models
Step 2:
Computation of optimal
IBC-inputs
Step 3:
Prediction of vibration
reduction
consistent
results
Step 4:
 Validation of results by
numerical simulations
yes
no
Further T-matrix based
investigations
Step 0 (Initialisation): Generation of data base
 Num. simulations for baseline cases
 Num. simulations for single-mode IBC-inputs
Fig. 1: Flow chart of the method used to investigate
the vibration capabilities of IBC numerically.
This identification yields an identified T-matrix
model, which maps the IBC inputs to the N/rev vi-
bration components in the non-rotating frame, for
single and for mixed mode IBC inputs as well. In
step 2 an optimisation problem is solved considering
the identified T-matrix model to compute the optimal
(wrt. the vibration reduction task) single or mixed
mode IBC inputs. Based on the computations per-
formed before, predictions for the vibration reduction
are computed in step 3. At the end of these steps
the predictions are validated by further computer
simulations with S4. If these simulation results were
consistent with the predictions, further investigations
could be carried out based on the identified linear T-
matrix model. If not the described steps 1 to 4
needed to be repeated with a more complex T-
matrix model structure, e.g. a non linear one. The
introduction of an extended T-matrix model in the
above described computational steps is motivated
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by the fact that these models are able to improve the
data fit. The improved data fit (respectively: the
smaller identification errors) leads to more reliable
computations in the subsequent steps of the overall
method.
In the following subsections the computational steps
are described in detail.
3.1 Generation of data base
The data base is generated using the rotor simula-
tion code S4. A broad vibration data base of
	 baseline (without IBC) and
	 single mode IBC input
cases is generated (cf. Section 2). A single mode
IBC input is defined as
.)tnsin()tncos(
)tncos(A
s,nc,n
nnn


This is the additional blade root pitch input due to
IBC which is superposed on the conventional control
input.
For each single mode IBC input computer simula-
tions at least for one full IBC phase sweep (keep
IBC amplitude An constant and vary the corre-
sponding IBC phase angle n in fixed increments)
are conducted.
In the context of this paper, the vibrations are com-
posed of the N/rev components of the rotor hub
forces and moments in the non-rotating frame, de-
composed in cosine and sine parts. The whole vec-
tor of vibrations zn is defined as follows:
  10T
n
T
x
T
y
T
y
TT
xn RI,,,,:  MMFTFz
where
.RI]M,M[:,]M,M[:
]T,T[,]F,F[:,]F,F[:
2T
s,yc,yy
T
s,xc,xx
T
sc
T
s,yc,yy
T
s,xc,xx


MM
TFF
The vibrations of the baseline cases are indicated
with a zero as subscript, i.e. z0. The single mode
IBC-inputs n is also represented by a vector of co-
sine and sine parts
p,,2n,RI],[: 2Ts,nc,nn 
where p represents the highest IBC input frequency.
3.2 Choice and identification of T-matrix
 models
Based on the vibration data generated in step 0,
now the identification of the T-matrix model can be
conducted. If the number of inputs is defined as the
number of impressed IBC frequencies and the num-
ber of outputs as number of regarded forces and
moments, for each IBC input n a SIMO T-matrix
model is identified.
In this paper two different T-matrix models are used,
one of linear and one of non-linear type [11], to build
up the above described mapping. These two models
are introduced subsequently.
Linear SIMO T-matrix Models:
2,10
n1n0nn1n RIˆ,p,,2n,ˆˆˆ  TzTz   .
Non-linear SIMO T-matrix Models:
  
.RIˆ,ˆ;p,,2n
,ˆˆdiagdiagˆˆ
2,10
n2n1
n0nn2nnn1n


TT
zTTz


For both model structures the parameter identifica-
tion of n1Tˆ , n0zˆ  an n2Tˆ (if required) is based on the
least squares method, i.e. the error
)ˆ()ˆ(
2
1)(
2
1 T
z
T
z
2
z zzzz  
is minimised. For the linear T-matrix models the
identification equations are described subsequently.
Let N be the number of data points for the IBC input
n. We define:
   




nn :
nN1nn1
:
nN1n ,,ˆ,





 Tzz
Ζ
where
  3TTnini RI1,:  
and
3,10
onn1n1 RI]ˆ,ˆ[:ˆ 
 zTT .
Then the estimation of the T-matrix parameters and
the baseline vibration level is computed by
  1TnnTnnn1ˆ


 ΖT .
For a detailed description of the identification equa-
tions of the non-linear T-matrix model the reader is
referred to [11] .
The above SIMO T-matrix models describe the
transfer behaviour from a single mode IBC input n
to all regarded vibration components zn. In order to
investigate the impact of single and mixed mode IBC
inputs on the helicopter vibrations we assemble the
identified SIMO T-matrix models to an overall MIMO
T-matrix model. This model maps all IBC inputs to
all vibration components. The assembly leads to a
linear MIMO T-matrix model of type
 

0
IBC
p
2
p112 ˆˆ,,ˆˆ
:
ˆ: 1
zTTz
Τ











	







 .
In the case of the non-linear model type we obtain
 

   .ˆˆdiagdiagˆ,,ˆˆ
p
2n
0nn2n
IBC
p
2
p112
:
1
ˆ:













	


zTTTz
T







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In both cases the identified baseline vibrations of the
MIMO models are given by:




p
2n
n00 ˆ1p
1ˆ zz .
Finally, for every investigated flight condition the
transfer behaviour from all regarded IBC inputs to
the vibrations is described by an identified MIMO T-
matrix model of above type.
Remark (non-linear T-matrix model): In [11] it was
shown, that compared to the linear T-matrix model
the non-linear T-matrix model is better suited to rep-
resent the transfer behaviour from 2/rev IBC inputs
to measured 4/rev fuselage vibrations of a four
bladed helicopter. Therefore, these non-linear mod-
els play an important role, if the impact of 2/rev IBC
is investigated. In this paper we will see, that the
non-linear T-matrix model is also better suited to
represent the transfer behaviour from other than
2/rev IBC inputs to N/rev vibrations as linear T-
matrix models and therefore lead to more reliable
computations.
3.3 Optimal single and mixed mode IBC inputs
Based on the identified MIMO T-matrix model the
optimal (regarding the vibration reduction task) sin-
gle or mixed mode IBC inputs (step 3) are com-
puted. In general, these inputs are computed by
solving the following optimisation problem: For the
given identified linear or non-linear MIMO T-matrix
model select IBC such that the cost function
2
5
x
T
x
2
4
y
T
y
2
3
y
T
y
2
2
T
2
1
x
T
x
vib wwwww
J MM
MMFFTTFF

will be minimised. For the computations in this paper
we chose the weighting factors as w1 = w2 =w3 =1
and w4 =w5 =zcg. With this choice of w4 and w5 the
associated moments are transformed into equivalent
forces at the centre of gravity. This physical moti-
vated weighting is performed, in order to prevent an
overrating of the moments compared to the forces in
the above cost function.
In case of a linear T-matrix model the solution of the
optimisation problem leads to
  0T1
1
1
T
1opt,IBC ˆˆˆ zWTTWT 


where W:=diag(w1, w1,..., w5,w5), WWW  T: .
When the non-linear T-matrix model is used the
solution of the optimisation problem can not be
solved analytically in the above manner. Instead, the
solution has to be computed with numerical search
algorithms. For the investigations in this paper a
numerical implementation based on a simulated
Annealing Algorithm is used. This choice is based
on the property, that the Annealing Algorithm is a
global optimisation method. In order to enable the
detection of the global minimum, the algorithm al-
lows uphill steps and thus it can escape from local
minima. This is not true for gradient based search
algorithms. The implemented algorithm is based on
a Fortran subroutine described in [12],[13].
3.4 Achievable vibration reduction
With the identified MIMO T-matrix models and the
calculated optimal IBC inputs predictions of the
achievable vibration reduction can be calculated by
100
)0(J
)(J)0(J
[%]J
vib
optvib
vib 





.
To perform this calculation the vibrations zˆ , which
result if the optimal IBC inputs IBC,opt are applied,
are predicted with the corresponding identified
MIMO T-matrix models. E.g., for the linear T-matrix
model this is done by
0opt,IBC1 ˆˆ zTz   .
3.5 Validation of the predicted results
To validate the T-matrix based results calculated in
the previous steps, in particular the predicted vibra-
tion reductions, S4 simulations with optimised IBC
inputs IBC,opt are performed. The predicted vibration
reductions and the calculated vibrations obtained
with S4 are compared. By judging the consistency of
both results, it has to be decided, whether the repeat
of steps 1 to 4 with a more complex T-matrix model
might be necessary to improve the reliability of the
T-matrix based calculations.
4 Numerical Results using linear T-
Matrix Models
In this section the numerical results of step 0 (cf. Fig.
1) and the results obtained using a linear T-matrix
models are presented and discussed.
4.1 Baseline cases and single mode IBC phase
sweeps
Here the results of step 0 are presented. This in-
cludes the data base generation for the baseline
cases without IBC and the cases with single mode
IBC using the rotor simulation code S4. Because of
the large amount of generated data only a repre-
sentative fraction of this data can be presented here.
The baseline vibrations of the implemented rotor
model rise from low levels in hover to a maximum at
an advance ratio of about 0.1 in level flight, Fig. 2.
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Fig. 2: Calculated baseline vibration amplitudes
and cost function Jvib vs. , level flight (S4
results).
With higher forward speeds, the vibration level de-
creases, before rising again to higher levels in high
speed forward flight. At  = 0.15 the N-harmonic
rotor moments in the fixed frame reach a local mini-
mum. A reduction of the overall vibration level Jvib at
this rotor condition therefore is equivalent to reduc-
ing the thrust alone without increasing the other
forces and moments. At  = 0.35 both, thrust and
rotor moments, reach high levels. Because of this
our analysis focused on these two different rotor
conditions.
Results of simulation calculations with different cen-
tre of gravity (c.g.) offsets but constant helicopter
Take Off Weight showed, that the location of the
centre of gravity has a negligible influence on the N-
harmonic rotor forces and moments and therefore
on the vibration level, Fig. 3. Hence c.g. variations
are not considered in further investigations.
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Fig. 3: Calculated baseline vibration amplitudes
and cost function Jvib vs. c.g. location, level
flight,  = 0.15, CT = 0.00901 (S4 results).
In Fig. 4 to Fig. 7 the calculated changes of the vi-
bration amplitudes and the resulting cost-function
Jvib due to 4/rev and 6/rev IBC for =0.15 and
=0.35 are shown.
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Fig. 4: Calculated changes of vibration amplitudes
and of cost function Jvib due to 4/rev IBC with
A4=0.5° at =0.15 (S4-results).
In Fig. 4 it can be seen, that 4/rev IBC has a consid-
erable influence on the vibration level at =0.15. For
the IBC Amplitude A4=0.5° an overall vibration re-
duction of about 40 percent is achieved at 4=240°.
Furthermore it can be seen that this reduction is
caused by the reduction of T and Fy only. All other
 = 0.15
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vibration levels are increased at this IBC phase an-
gle and amplitude.
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Fig. 5: Calculated changes of vibration amplitudes
and of cost function Jvib due to 6/rev IBC with
A6=0.5° at =0.15 (S4-results).
The same situation can be seen in Fig. 5 for 6/rev
IBC. At 6 = 150° an overall vibration reduction of
about 50 percent is achieved by a reduction of T
alone, whereby all other forces and moments are
increased. In particular for 6/rev IBC, the moments
are increased up to seven hundred percent for al-
most every IBC phase angle. This indicates that the
applied IBC amplitude A6=0.5° is too high for a re-
duction  of the moments.
The above facts can be summarised as follows: The
IBC amplitude and IBC phase angle requirements
for a vibration reduction of each component with
4/rev or 6/rev IBC are different and therefore a si-
multaneously reduction of all components is not
possible. This can also be seen partly in Fig. 6 and
Fig. 7 for 4/rev and 6/rev IBC at  = 0.35.
Furthermore this observation is valid for almost all
cases of the remaining IBC frequencies 2,5 and
7/rev. These first results concerning the vibration
reduction capabilities of single mode IBC indicates
that for a considerable vibration reduction of the
investigated 20to rotor model mixed mode IBC plays
an important role or even seems to be necessary.
This numerical result coincides quite fine with first
flight test results of an IBC system for the CH-53G
helicopter, presented in [17]. The examination of the
flight test data in [17] showed that in several cases
the optimal IBC amplitudes and phase angles for
different sensor orientations do not coincide. There-
fore single mode IBC becomes less effective if it is
required to reduce vibrations at different locations
and in all axes simultaneously.
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Fig. 6: Calculated changes of vibration amplitudes
and of cost function Jvib due to 4/rev IBC with
A4=0.5° at =0.35 (S4-results).
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Fig. 7: Calculated changes of vibration amplitudes
and of cost function Jvib due to 6/rev IBC with
A6=0.5° at =0.35 (S4-results).
The above motivated requirement for mixed mode
IBC complicates the vibration reduction task and the
corresponding numerical investigations. Therefore
the need for a systematic and effective investigation
method is emphasised by the above results. This is
a further motivation for the validation of the method
proposed in this paper.
4.2 Identification and optimisation results
Based on the generated data base the identification
of T-matrix models and the computation of optimal
single and mixed mode IBC inputs were performed.
 = 0.15
 = 0.35
 = 0.35
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In Fig. 8 to Fig. 11 the identified linear SIMO T-
matrix models for 4/rev and 6/rev IBC are shown
exemplaryly. The IBC affected vibrations computed
with S4 are marked by the small circles. The added
solid curve in each figure represents the T-matrix
based estimations. The estimated values and the
values, computed by S4, are connected by short
lines. Each line represent the identification error of
the corresponding data point.
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Fig. 8: Identified linear SIMO T-matrix model for
4/rev IBC at =0.15.
From this graphical representation it is possible to
decide uniquely whether the Ai used has been cho-
sen to large or to small. In Fig. 8 we see that the
applied IBC amplitude A4 = 0.5° is to large for a vi-
bration reduction of Fx, Mx and My. Furthermore, it is
indicated that the impact on T is small.
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Fig. 9: Identified linear SIMO T-matrix model for
6/rev IBC at =0.15.
In Fig. 9 it is indicated that 6/rev have a good effec-
tiveness on Fx, Fy and T, but different IBC phase
angles are required for the vibration reduction. At
 = 0.35 4/rev IBC has a good impact on Fx and Fy,
but only a small impact on the moments and on
thrust (cf. Fig. 10).
From the above results the following general conclu-
sions can be drawn:
 Most data points can be represented quite fine
by linear SIMO T-matrix models. The identifica-
tion errors for higher advance ratios and HHC
frequencies are smaller compared to the rest.
 4/rev inputs have a considerable impact on the
vibrations and can therefore be a valuable sup-
plement in mixed mode IBC.
 For a simultaneous reduction of all vibration
components different single mode IBC inputs
are necessary and therefore IBC mixed mode
will be needed.
 In some cases the applied IBC amplitudes are
too large to reduce single vibration components.
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Fig. 10: Identified linear SIMO T-matrix model for
4/rev IBC at =0.35.
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6/rev IBC at =0.35.
With the identified T-matrix models the optimisation
problem as defined in Section 3.3 was solved for
every possible combination of 4,5,6 and 7/rev IBC
input. In Table 3 eleven different IBC harmonic com-
binations are listed exemplaryly.
 = 0.15
 = 0.15
 = 0.35
 = 0.35
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Table 3: IBC cases
case IBC frequency [n/rev]
1 4
2 5
3 6
4 7
5 4+6
6 5+6
7 5+7
8 4+5+6
9 4+6+7
10 5+6+7
11 4+5+6+7
The 2/rev is neglected in the following vibration re-
duction investigation because of the relative small
impact on the vibrations of the six bladed rotor.
However, the IBC frequency 2/rev seems to be more
suited for BVI (noise) reduction purposes. The cal-
culated optimal amplitudes of different single and
mixed mode IBC cases at  = 0.15 and  = 0.35 as
listed in Table 3 are given in Fig. 12.
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Fig. 12: Calculated optimal IBC amplitudes An
(based on identified linear T-matrix model)
for different IBC cases.
Except for the 4/rev amplitude of cases 8 and 11 the
optimal IBC amplitudes for the given cases are be-
low 1.0deg. Generally, they are greater at the higher
advance ratio. The 7/rev amplitude is very small
when used in mixed mode IBC in combination with
more than two other harmonics, see cases 9, 10 and
11 in Fig. 12.
4.3 Predicted vibration reduction, validation
and problem description
After determination of the optimal IBC inputs for
maximum vibration reduction (concerning the mini-
misation of Jvib) with the linear T-matrix model, S4
calculations were performed with these optimised
IBC inputs in order to validate the predicted vibration
reductions.
It can be seen in Fig. 13 that the vibration reduction
predictions based on the identified linear T-matrix
models (indicated as linear T-matrix in Fig. 13) coin-
cide in almost all cases very good with the vibrations
computed by S4 (indicated as S4 in Fig. 13). This
result indicates that already the linear T-Matrix
model represents a pretty good mapping of the
transfer behaviour of IBC inputs to the vibrations,
especially for the advance ratio  = 0.35. But as
indicated in Fig. 13 there are some cases where the
identification based calculations led to bad predic-
tions, especially if the two harmonics 4/rev and 5/rev
were combined in mixed mode IBC at  = 0.15, see
case 8 and 11 in Fig. 13.
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Fig. 13: Comparison of vibration reductions, pre-
dicted by linear T-matrix-model and vibration
reductions, computed by S4.
In Fig. 14 the identification errors z of all identified
linear T-matrix models are shown. These errors are
represented in percent, i.e.
.100
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Fig. 14: Identification errors of the identified linear
SIMO T-matrix models.
In Fig. 14 it can be seen that the identification errors
for  = 0.35 are much smaller than for the lower
advance ratio  = 0.15, in particular for non HHC
frequencies. This substantiates the fact that the vi-
bration predictions for  = 0.35 in Fig. 13 coincide
very well with the vibration reductions computed by
S4. Furthermore, Fig. 14 indicates that at  = 0.15
the identification errors, especially for the mappings
of 4/rev IBC to Mx and My, are large compared to the
rest.
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Fig. 15: Comparison of vibration reductions, pre-
dicted by linear T-matrix model and vibration
reductions, computed by S4, level flight,
 = 0.15, CT = 0.00901.
Clearly, these identification errors could be the rea-
son for the sub-optimal IBC inputs and the bad pre-
dictions, as presented for Jvib in Fig. 13 and for the
single components of z in Fig. 15.
To solve this problem it was necessary to improve
the data fit of the T-matrix model in these cases and
thus to improve the reliability of the subsequent cal-
culations.
This was done by repeating step 1 to 4 of the overall
method, now with the non-linear MIMO T-matrix
models, as introduced in Section 3. In Section 5 it is
shown that this model is capable of reducing the
identification errors. This leads to consistent results
concerning the predicted vibration reduction in the
critical cases.
5 Numerical results using improved T-
matrix models
In this section the numerical results of the second
step of the overall method are presented. The fol-
lowing presentation will focus on the two critical
cases.
5.1 Identification and optimisation results
In Fig. 16 the identified non-linear SIMO T-matrix
model for 4/rev IBC at  = 0.15 is shown exemplary.
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Fig. 16: Identified linear SIMO T-matrix models for
4/rev IBC at  = 0.15.
It can be stated that the non-linear model leads to a
better data fit than the linear one (cf. Fig. 8). Moreo-
ver, the non-linear part of the model can be recog-
nised in the curves of the identified vibrations. They
do not show the classical ellipse shape, as known
from the linear T-matrix models. In Fig. 17 the corre-
sponding identifications errors for all SIMO T-matrix
models are illustrated.
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Fig. 17: Identification errors of the identified non-
linear SIMO T-matrix models.
The above figures verify the better data fit of the
non-linear T-matrix models. For example, the identi-
fication error for the mapping of 4/rev IBC to Mx
could be decreased from 30 percent to 10 percent.
The optimal IBC inputs, (calculated) based on the
non-linear T-matrix model and the predicted vibra-
tion reductions now coincide much better with the S4
results. The optimal IBC inputs differ to those deter-
mined with the linear T-matrix model, see Fig. 18.
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Fig. 18: Comparison of optimal IBC inputs, calcu-
lated based on linear and non-linear T-
matrix models, level flight,  = 0.15,
CT = 0.00901.
5.2 Vibration reduction and validation
The predicted vibration reduction, now determined
by the non-linear T-matrix model, was again vali-
dated with S4. A better prediction of the components
of the vibration vector z for the presented cases 8
and 11 is achieved, compare Fig. 19 to Fig. 15. As a
result, the vibration reduction, represented by the
cost function Jvib shows very good agreement, com-
pare Fig. 20 to Fig. 13.
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Fig. 19: Comparison of vibration reductions, pre-
dicted by non-linear T-matrix model and vi-
bration reductions, computed by S4, level
flight,  = 0.15, CT = 0.00901.
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Fig. 20: Comparison of vibration reductions predicted
by non-linear T-matrix model and vibration
reductions computed by S4 for different IBC
cases, level flight,  = 0.15, CT = 0.00901.
Thus, from the investigation the following result can
be stated: When non-linear T-matrix models are
used to represent the mapping of the IBC-inputs to
the vibrations in the critical cases, the vibration pre-
dictions coincide very good with the values com-
puted by S4. This result shows that it is favourable
to use a non-linear T-matrix model for the modelling
of IBC induced vibrations, in particular for low speed
cases and non HHC frequencies. It should be noted
here that besides these two critical cases all re-
maining results based on the identified non-linear T-
matrix model coincide good with the results obtained
with the linear T-matrix model. These promising
results encourage us to perform the further vibration
 = 0.15
 = 0.35
case 8
case 11
case 8
case 11
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reduction investigations of this paper only based on
the identified non-linear T-matrix model without fur-
ther S4 simulations for validation purposes. A selec-
tion of these results is presented in the following
subsection.
5.3  Further Results
Here, the achievable vibration reductions over the
entire range of advance ratio were predicted using
the identified non-linear T-matrix models. A graphi-
cal summary of these results is presented in Fig. 21.
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Fig. 21: Predicted achievable vibration reduction
with different IBC mixed mode inputs vs. ad-
vance ratio.
The predicted achievable vibration reductions with
5+6/rev mixed mode IBC is represented by the solid
line with triangle markers. This mixed mode is cho-
sen, because it seems to offer a good compromise
between the vibration reduction over a wide range of
 and the number of required frequencies. It should
be noticed here that 5+6/rev IBC does not lead to
the highest vibration reduction at any advance ratio.
The best combination of two IBC-frequencies strong-
ly depends on the advance ratio. Furthermore the
optimal IBC amplitudes and phase angles also de-
pend on the advance ratio (not shown here).
The dashed line in Fig. 21 with square markers rep-
resents the predicted vibration reductions with the
best mixed mode combination. It can be seen that
the 5+6/rev combination is less effective to reduce
the vibration at  = 0.2 to  = 0.3. Especially for
these advance ratios, combinations with 4/rev lead
to a better vibration reduction. Moreover, it is indi-
cated, that combinations of the IBC frequencies
4,5,6 and 7/rev lead to a considerable vibration re-
duction between 50 to 80% .
6 Results
Following the proposed method with a linear T-
matrix approach at first, a good compliance of the
predicted vibration reductions for the also calculated
optimal IBC inputs with the results of the calculations
with S4 was already achieved for several single and
mixed mode IBC control inputs and flight conditions.
However, for some mixed mode inputs and flight
conditions a big difference between the prediction
based on the T-matrix approach and the result of the
calculations with S4 was observed.
By extending the linear T-matrix formalism with a
non-linear term the match between the predicted
vibration reductions and the reductions resulting
from S4 was improved significantly. For the given
rotor model the system behaviour is much better
described with the non-linear T-matrix approach
than with the linear T-matrix. Therefore the non-
linear T-matrix model is better suited for T-matrix
based investigations of vibration reduction. It is not
limited to 2/rev IBC investigations.
As expected from the theory and prior studies our
calculations underline once again the high efficiency
of IBC to reduce vibrations. This holds also true for
the chosen rotor model despite the different proper-
ties in comparison with e.g. Bo105 rotor.
In detail, the results in this paper obtained from our
numerical simulations lead to the following findings
regarding the vibration reduction possibilities and the
associated IBC inputs:
1. For a considerable vibration reduction between
50 to 80 percent over the entire range of the ad-
vance ratio mixed mode IBC is necessary.
2. The frequencies and their number for the opti-
mal mixed mode IBC input vary depending on
the flight conditions.
3. The optimal IBC input for some flight conditions
requires a 4/rev component which is a non HHC
frequency. That means this kind of input can
only be generated by an IBC system with ac-
tuators in the rotating frame.
Furthermore it was shown, that the proposed T-
matrix based method is well suited for the investiga-
tion of the vibration reduction possibilities with IBC.
To increase the reliability of the results it is favour-
able to use a non-linear T-Matrix model instead of
classical linear one in the overall method.
However, it must be stated that these conclusions
have been drawn from numerical simulations solely.
The findings of our investigation and the feasibility of
the proposed method still need to be verified on
hand of data from the on going flight trials with the
CH-53G.
7 Conclusion and Outlook
In this paper results of numerical calculations for
applying IBC to reduce the vibrations for a six
bladed, fully articulated rotor model are presented. It
was found that - by using a linear, or in extension, a
non-linear T-matrix approach - a good prediction for
the achievable vibration reduction by means of sin-
gle and mixed mode IBC can be achieved. This
means that the numerical effort to calculate the op-
timal IBC input and to predict the possible reduction
can be reduced by the proposed procedure. This is
caused by the fact, that the numerical complexity of
the T-matrix model is less than the underlying mod-
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els as used in rotor dynamics simulation programs,
e.g. S4.
For a considerable reduction of an overall vibration
cost function the use of mixed mode IBC inputs is
necessary. Using IBC mixed modes a significant
reduction up to 80 percent was achieved. However,
the frequencies and their number of which the mixed
mode input consists vary over the flight envelope.
This is a strong indicator for the necessity of a
closed loop control scheme to reduce the vibrations
over the whole flight envelope.
The ZFL is currently conducting flight trials with an
IBC system on the CH-53G [17]. It is also involved in
wind tunnel tests with an UH-60 rotor at the NASA
Ames wind tunnel together with its partners NASA,
Sikorsky Aircraft Corporation and Army/NASA Ro-
torcraft Division [16]. It is planned to validate the
proposed method with the test data that are being
collected during these two campaigns. In addition,
the presented method may prove to become a
suited design tool for future IBC systems in terms of
predicting the required control authority and possible
control performance.
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